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REAL INTERSECTION HOMOLOGY II:
A LOCAL DUALITY OBSTRUCTION
CLINT MCCRORY AND ADAM PARUSIN´SKI
We prove that the intersection pairing on the real intersection homology of a real alge-
braic variety is not a dual pairing in general. A classical argument of Thom for manifolds,
adapted to real intersection homology, shows that if this intersection pairing is nonsingular
and X is the link of a point in a real algebraic variety, with the dimension of X even,
then the intersection homology euler characteristic Iχ(X) is even. Using an existence
theorem of Akbulut and King [1] we show there is a singular algebraic surface X that
is the link of a point in a 3-dimensional real algebraic variety, such that Iχ(X) is odd.
Thus our definition of real intersection homology [6] does not have the key self-duality
property suggested by Goresky and MacPherson ([3], p.227), though it does enjoy their
small resolution property.
1. Real intersection homology
We summarize the results of our preceding paper [6]. Let X be a compact real algebraic
variety of dimension n. The real intersection homology groups IHi(X), i = 0, . . . , n, are
Z/2 vector spaces invariant under arc-symmetric semialgebraic homeomorphisms. There
are natural homomorphisms
Hn−i(X;Z/2)→ IHi(X)→ Hi(X;Z/2), i = 0, . . . , n,
and the composition is the classical Poincare´ duality homomorphism. If X is nonsingular
and connected then these two maps are isomorphisms. If π : X˜ → X is a small resolution,
then π induces isomorphisms Hi(X˜) ∼= IHi(X) for all i.
If X is not compact, there are two versions of the real intersection homology of X,
IHci (X) with compact supports and IH
cl
i (X) with closed supports. The preceding results
hold for compact or closed supports.
For all i and j with i+ j = n there is a bilinear intersection pairing
ψ : IHci (X) × IH
cl
j (X)→ Z/2,
defined using the general position theorem of [7]. If X has isolated singularities then
this pairing is nonsingular (i.e. it is a dual pairing). In other words, the homomorphism
Ψ : IHci (X)→ (IH
cl
j (X))
∗, Ψ(α)(β) = ψ(α, β), is an isomorphism.
2. The obstruction
Real intersection homology is defined for a semialgebraic open subset of a real algebraic
variety, such as the star of a point in a real algebraic variety. We prove that if the
intersection pairing is nonsingular for all real algebraic varieties, then the intersection
pairing is also nonsingular on all such stars. And if the intersection pairing on the star of
v0 ∈ V is nonsingular, then Iχ(X) is even, where X is the link of v0 ∈ V .
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First we present Thom’s proof of the following classical result ([10], The´ore`me V.9,
p.175), and then we discuss how to adapt his proof to our setting.
Theorem 2.1. Let M be a compact even dimensional manifold without boundary. If M
is the boundary of a compact manifold W , then the euler characteristic χ(M) is even.
Proof. Let H∗(M) be the singular homology of M with Z/2 coefficients. Let n = 2k =
dimM , and let bi = dimHi(M), the ith betti number of M , i = 0, . . . , n. By Poincare´
duality, bi = bn−i for all i. Thus
(2.1) χ(M) =
∑
i
(−1)ibi = 2
∑
i<k
(−1)ibi + (−1)
kbk,
so χ(M) is even if and only if bk is even.
To see that bk is even, consider the long exact homology sequence of the pair (W,M),
(2.2) · · · → Hi+1(W,M)
∆
→ Hi(M)
α
→ Hi(W )
β
→ Hi(W,M)→ · · · ,
and the corresponding exact sequence of dual vector spaces,
(2.3) · · · → Hj(W,M)
∗
β∗
→ Hj(W )
∗ α
∗
→ Hj(M)
∗ ∆
∗
→ Hj+1(W,M)
∗ → · · · .
By Poincare´ duality the intersection pairings onM andW induce an isomorphism of these
two exact sequences. In particular we have the following commutative diagram, where the
vertical isomorphisms are given by the intersection pairings:
(2.4)
Hk+1(W,M)
∆
−−−−→ Hk(M)
α
−−−−→ Hk(W )y∼=
y∼=
y∼=
Hk(W )
∗
α∗
−−−−→ Hk(M)
∗
∆∗
−−−−→ Hk+1(W,M)
∗
By exactness of the rows we have Kerα ∼= Imα∗.
Now since α and α∗ are adjoint, the kernel of α is the annihilator of the image of
α∗, and Kerα ∼= Cokerα∗. Thus dim(Kerα) + dim(Imα∗) = dim(Hk(M)), so bk =
2dim(Kerα). 
Remark 2.2. It’s easy to see that if a, b ∈ Kerα then the intersection a · b = 0. (Let
a = [A], with A = ∂A′ and b = [B] with B = ∂B′. If A′ and B′ are transverse, then
A · B = ∂(A′ · B′).) In other words, Kerα ⊂ P , where P is the annihilator of Kerα
under the intersection product. Now dim(Kerα) + dimP = bk, so dimP = dim(Kerα),
which implies that Kerα = P . Thus the inner product space Hk(M) is split ([8], Chapter
I, §6, p.12). It follows that the preceding argument applied to the rational homology
of a compact oriented manifold M of dimension n = 4l gives Thom’s theorem that the
signature (index) is a cobordism invariant ([10], Corollaire V.11, p.176). (See also [4],
Theorem 8.2.1 III, p.85.)
Now we adapt this proof to real intersection homology. Consider the variety X =
Lǫ(V, v0), the ǫ-link of a point v0 in a real algebraic subvariety V of euclidean space:
Lǫ(V, v0) = V ∩ S(v0, ǫ), with S(v0, ǫ) the sphere of radius ǫ about v0, for ǫ sufficiently
small. We assume that V has pure dimension n+ 1, so that X has pure dimension n.
Let S be an algebraic stratification of V , and let ρ : V → R, ρ(v) = |v − v0|
2. By [9],
Theorem 9.3, there is a stratification T of R such that the restriction of ρ to the preimage
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of each stratum T ∈ T is a locally trivial fibration. Thus there exists η > 0 such that
for every ǫ with 0 < ǫ < η, there exists δ > 0 and a stratum preserving arc-analytic
semialgebraic homeomorphism
ϕ : (ǫ− δ, ǫ+ δ) × Lǫ(V, v0)→ ρ
−1((ǫ− δ)2, (ǫ+ δ)2),
with ρϕ(t, x) = t2 and ϕ(ǫ, x) = x. It follows that Lǫ(V, v0) is independent of ǫ up to
stratified arc-analytic semialgebraic homeomorphism (cf. [9], Cor. 9.6).
Remark 2.3. Since ϕ is stratum preserving, the stratification induced by S on the set
ρ−1((ǫ− δ)2, (ǫ+ δ)2) corresponds to the product stratification on (ǫ− δ, ǫ+ δ)×Lǫ(V, v0).
In other words, for every stratum S ∈ S,
ϕ−1(S ∩ ρ−1((ǫ− δ)2, (ǫ+ δ)2)) = (ǫ− δ, ǫ+ δ) × (S ∩ Lǫ(V, v0)).
Given such a pair (ǫ, δ), let ǫ′ = ǫ+ δ. We replace (W,M) in the proof of Theorem 2.1
with (N,X), with X = Lǫ(V, v0) and N = V ∩B(v0, ǫ
′), the open ǫ′-star of v0 in V , where
B(v0, ǫ
′) is the open ball of radius ǫ′ about v0.
Theorem 2.4. There is a long exact sequence
(2.5) · · · → IHcli+1(N)
∆
→ IHi(X)
α
→ IHci (N)
β
→ IHcli (N)→ · · · ,
and the intersection pairings on X and N give a homomorphism from this exact sequence
to the dual exact sequence
(2.6) · · · → IHclj (N)
∗ β
∗
→ IHcj (N)
∗ α
∗
→ IHj(X)
∗ ∆
∗
→ IHclj+1(N)
∗ → · · · .
Corollary 2.5. Suppose that V is purely odd dimensional. If the intersection pairings on
the star N and the link X of v0 ∈ V are nonsingular, then the intersection homology Euler
characteristic Iχ(X) is even.
For the corollary, note that if dimV = 2k+1 we have a commutative diagram analogous
to (2.4),
(2.7)
IHclk+1(N)
∆
−−−−→ IHk(X)
α
−−−−→ IHck(N)y∼=
y∼=
y∼=
IHck(N)
∗
α∗
−−−−→ IHk(X)
∗
∆∗
−−−−→ IHclk+1(N)
∗
and we repeat Thom’s argument to conclude that Iχ(X) is even.
To prepare for the proof of the theorem, recall that a semialgebraic i-chain is an equiv-
alence class of closed semialgebraic sets of dimension ≤ i, with respect to the relations
A + B ∼ cl((A \ B) ∪ (B \ A)) and A ∼ 0 if dimA < i. To simplify notation, we will
identify a semialgebraic set with the chain it represents. The intersection homology groups
are defined using allowable chains, which are represented by semialgebraic sets satisfying
certain perversity conditions with respect to a good stratification (see [6]).
Proof. First we define the sequence (2.5). Let S be a good stratification of V . The
restriction of S to N (resp. X) is a good stratification of N (resp. X). If C is an allowable
i-chain of X then C is an allowable i-chain of N , and the homomorphism α : IHi(X) →
IHci (N) is induced by inclusion of chain groups. The map β : IH
c
i (N) → H
cl
i (N) is also
induced by inclusion.
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The homomorphism ∆ : IHcli+1(N) → IHi(X) is defined as follows. If c ∈ IH
cl
i+1(N),
then c is represented by an (i+1)-cycle C such that C is in general position with X. More
precisely, for every stratum S of S|N ,
dim(C ∩X ∩ S) ≤ dim(C ∩ S) + dim(X ∩ S)− dimS,
and, since S(v0, ǫ) is transverse to S, we therefore have
dim(C ∩X ∩ S) ≤ dim(C ∩ S)− 1.
Let Cǫ = C ∩ {v ∈ V | |v − v0| ≤ ǫ}. Then ∂Cǫ is an allowable (i − 1)-cycle of X that
represents ∆(c).
Next we show that the sequence (2.5) is exact. Let π : (ǫ − δ, ǫ + δ) ×X → X be the
projection.
(i) Im∆ = Kerα. Let c ∈ IHcli+1(N) be represented by an allowable cycle C as above.
Then ∆(c) is represented by ∂Cǫ. Now α(∆(c)) is also represented by ∂Cǫ, and Cǫ is
compact, so α(∆(c)) = 0. Thus Im∆ ⊂ Kerα. Conversely, suppose that b ∈ IHi(X) is
represented by an allowable cycle B. If α(b) = 0, then by general position there is an
allowable compact chain C of N such that C is in general position with X and ∂C = B.
[See [6], proof of Thm. 2.7. Suppose that C0 is an allowable compact chain with ∂C0 = B.
There is an arc-analytic, stratum-preserving semialgebraic homeomorphisms Φt0 : X → X
such that Φt0(C0) is in general position with X, and a t0-deformation homology C1 of B
such that ∂C1 = B + Φt0(B). Let C = C0 + C1.] Let D = C + ϕ∗([ǫ, ǫ
′) × B). Then
D is an allowable cycle of N , in general position with X, and so ∂(Dǫ) is in the image
of ∆. Let D = Dǫ + D
′
ǫ, where D
′
ǫ is contained in ϕ([ǫ, ǫ
′) × X). Then ∂(Dǫ) = ∂(D
′
ǫ).
Let D′ǫ = E + ϕ∗([ǫ, ǫ
′) × B), so ∂D′ǫ = ∂E + B. Now ∂E = ∂ϕ∗(π∗(ϕ
−1
∗
(E))), and
ϕ∗(π∗(ϕ
−1
∗
(E))) is a chain of X, so ∂D′ǫ is homologous to B in X. Thus Kerα ⊂ Im∆.
(ii) Imα = Kerβ. Let b ∈ IHi(X) be represented by an allowable cycle B in X.
Then α(b) is represented by the same cycle B in N , so B also represents β(α(c)). But
B = ∂ϕ∗([ǫ, ǫ
′) × B), so β(α(b)) = 0. Thus Imα ⊂ Ker β. Conversely, suppose that
c ∈ IHci (N) is represented by a compact allowable cycle C. Choose δ
′ > 0 so that δ′ < δ
and C is contained in {v ∈ V | |v − v0| < ǫ + δ
′}. If β(c) = 0 there is an allowable
chain D of N such that ∂D = C and D is in general position with Lǫ+δ′(V, v0). Let
C ′ = ∂(D ∩{v ∈ V | |v− v0| ≥ ǫ+ δ
′}). Then ∂(D∩{v ∈ V | |v− v0| ≤ ǫ+ δ
′}) = C +C ′,
so C is homologous to C ′. Let E = ϕ∗([ǫ, ǫ+ δ
′)× ϕ−1
∗
C ′). Then ∂E = C ′ +C ′′, with C ′′
contained in X. So C is homologous to a cycle in X, and we have Ker β ⊂ Imα.
(iii) Imβ = Ker∆. Let c ∈ IHci (N) be represented by a compact allowable cycle C of
N such that C is in general position with X. Then β(c) is also represented by C, and so
∆(β(c)) is represented by ∂Cǫ as above. Now ∂Cǫ = ∂ cl(C\Cǫ) = ∂ϕ∗(π∗ϕ
−1
∗
(cl(C\Cǫ))).
Thus ∆(β(c)) = 0, and Imβ ⊂ Ker∆. Conversely, suppose c ∈ IHcli+1(X) is represented
by an allowable cycle C in general position with X, so ∆(c) is represented by the cycle
∂Cǫ. If ∆(c) = 0 there is an allowable chain B in X with ∂B = ∂Cǫ. Thus the compact
chain B+Cǫ is an allowable cycle. We claim that B+Cǫ is homologous to C, so c ∈ Imβ,
and we have Ker∆ ⊂ Imβ.
To prove the claim, consider the cycle D = C + (B + Cǫ) = B + cl(C \ Cǫ), and the
chain E in (ǫ− δ, ǫ+ δ)× (ǫ− δ, ǫ+ δ)×X given by E = {(s, t, x) | ϕ(t, x) ∈ D), s ≥ t}.
If p : (ǫ − δ, ǫ + δ) × (ǫ − δ, ǫ + δ) × X → N , p(s, t, x) = ϕ(s, x), then the restriction
p|{(s, t, x) | s ≥ t} is proper, and ∂p∗(E) = D.
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Finally we show that the maps from (2.5) to (2.6) given by the intersection pairings
form a commutative ladder (i+ j = n):
(2.8)
IHcli+1(N)
∆
−−−−→ IHi(X)
α
−−−−→ IHci (N)
β
−−−−→ IHcli (N)y
y
y
y
IHj(N)
∗
α∗
−−−−→ IHj(X)
∗
∆∗
−−−−→ IHclj+1(N)
∗
β∗
−−−−→ IHcj+1(N)
∗
(i) The right-hand square of (2.8) commutes if for all a ∈ IHci (N) and b ∈ IH
c
j+1(N),
we have a · β(b) = β(a) · b. Suppose that a is represented by a compact allowable cycle
A, and b is represented by a compact allowable cycle B, with A (stratified) transverse
to B. (See [6]. This means that A has a semialgebraic stratification A, and B has a
semialgebraic stratification B, such that A and B are substratified objects of the good
stratification S|N , and for all strata S ∈ A, T ∈ B, with S and T contained in a stratum
U ∈ S|N , we have that S and T are transverse in U .) Then A and B intersect in a finite
number m of points in top strata of S|N . Now A also represents β(a), and B represents
β(b). Thus a · β(b) = m = β(a) · b.
(ii) The middle square of (2.8) commutes if for all a ∈ IHi(X) and b ∈ IH
cl
j+1(N), we
have a ·∆(b) = α(a) · b. Suppose that a is represented by an allowable cycle A of X, and
b is represented by an allowable cycle B of N , with A transverse to B in N . We may
assume also that B is transverse to X in N , which implies that B ∩ X represents ∆(b)
and B ∩ X is transverse to A in X. Let m be the number of points of A ∩ B. Then
a ·∆(b) = m = α(a) · b.
(iii) The left-hand square of (2.8) commutes if for all a ∈ IHcli+1(N) and b ∈ IHj(X), we
have a · α(b) = ∆(a) · b. This is the same assertion as (ii), with a and b interchanged. 
Theorem 2.6. If the intersection pairing is nonsingular for the pure-dimensional algebraic
variety V and for the link of a point v0 in V , then the intersection pairing on the open
star of v0 in V is nonsingular. More precisely, if the intersection pairing is nonsingular
for V and for Lǫ(V, v0) for small ǫ > 0, then it is nonsingular for Nǫ+δ = V ∩B(v0, ǫ+ δ)
for δ > 0 sufficiently small.
Remark 2.7. Presumably the η-star Nη = V ∩B(v0, η) is independent of η for small η > 0,
up to stratified arc-analytic semialgebraic homeomorphism. We do not need this fact.
Proof. We sketch the proof; the details are similar to the proof of Theorem 2.4. Choose ǫ
and δ as in the proof of Theorem 2.4. As before, letN = V ∩B(v0, ǫ+δ), andX = Lǫ(V, v0).
Now let N ′ = V \ clB(v0, ǫ− δ). There is a Mayer-Vietoris sequence
(2.9) · · · → IHci+1(V )
∆
→ IHci (N ∩N
′)
α
→ IHci (N)⊕ IH
c
i (N
′)
β
→ IHci (V )→ · · · ,
such that the intersection pairings map (2.9) to the dual of the Mayer-Vietoris sequence
(2.10) · · · → IHclj (V )
β′
→ IHclj (N)⊕ IH
cl
j (N
′)
α′
→ IHclj (N ∩N
′)
∆′
→ IHclj−1(V )→ · · · .
Furthermore, for all i, j with i+ j = dimV − 1 there is a commutative diagram
(2.11)
IHci (N ∩N
′)
∼=
−−−−→ IHi(X)y
y
IHclj+1(N ∩N
′)∗
∼=
−−−−→ IHj(X)
∗
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where the vertical arrows are given by the intersection pairings. So if the intersection
pairing on the variety X is nonsingular, so is the intersection pairing on the semialgebraic
set N ∩N ′.
Thus, if the intersection pairing is nonsingular on V and X, then by the Five Lemma,
the intersection pairings on N and N ′ are nonsingular. 
3. A counterexample
We show there is a compact real algebraic variety X of pure dimension 2 such that X
is the link of a point in a real algebraic variety of dimension 3, and the real intersection
homology euler characteristic Iχ(X) is odd. The variety X we seek will be homeomorphic
to the topological space obtained from the real projective plane by identifying two points.
Let Z be a genus one complex projective curve with one node, considered as a real
algebraic surface. Let Y be obtained as the (real) blow-up of a nonsingular point of Z.
The variety Y has euler characteristic 0, and all links in Y have euler characteristic 0,
so all five Akbulut-King numbers of Y are zero (cf. [5], p.80). Therefore there exists a
variety X homeomorphic to Y such that X is the link of a point in a 3-dimensional real
algebraic variety. More precisely, by Theorem 7.1.2 of [1] applied to the suspension of Y ,
there exists such an algebraic variety X whose singular stratification ([1], p.31) has just
three strata: {x0}, {x1}, and X \{x0, x1}, where x0 is the topological singular point. (On
page 197 of [1] this argument is given for Y the disjoint union of the projective plane and
a point.)
We claim there exists a semialgebraic homeomorphism h : X → Y . This follows from
the Hauptvermutung for 2-dimensional simplicial complexes ([2], Thm. 4.6, p.190). [A
semialgebraic triangulation of X (resp. Y ) is a semialgebraic homeomorphism from X
(resp. Y ) to a finite euclidean simplicial complex K (resp. L). If X and Y are home-
omorphic then K and L are homeomorphic, so by the Hauptvermutung K and L have
isomorphic simplicial subdivisions. So K and L are piecewise linearly homeomorphic,
hence semialgebraically homeomorphic, so X and Y are semialgebraically homeomorphic.]
We will compute the real intersection homology groups of X using the semialgebraic
homeomorphism h. If y0 ∈ Y is the topological singular point then h(x0) = y0. Let
y1 = h(x1). Consider the homomorphism hk : IHk(X) → Hk(Y ), k = 0, 1, 2, induced by
the semialgebraic homeomorphism h : X → Y . In other words hk is induced by the chain
map that takes the allowable k-chain C of X to the k-chain h(C) of Y .
Let S be a good algebraic stratification ([6] §1) of the 2-dimensional variety X such
that S is a refinement of the singular stratification {{x0}, {x1},X \ {x0, x1}} of X. An
S-allowable 0-chain of X is a finite set of points contained in codimension 0 strata of
S. An S-allowable 1-chain is a semialgebraic 1-chain C such that dim(C ∩ S) ≤ 0 and
ΣC∩S = ∅ for every codimension 1 stratum S ∈ S, and C∩T = ∅ for every codimension 2
stratum T ∈ S. (Since ∂C ⊂ ΣC, it follows that ∂C is allowable.) An S-allowable 2-chain
is a semialgebraic 2-chain C such that dim(ΣC ∩ S) ≤ 0 for every codimension 1 stratum
S ∈ S, and ∂C is S-allowable.
An allowable 0-chain {p, q} of X bounds a semialgebraic 1-chain C in X \ {x0, x1}, so
by general position for nonsingular varieties ([6], Prop. 3.2), {p, q} bounds an allowable
1-chain. Thus h0 : IH0(X) → H0(Y ) = Z/2 is an isomorphism. The only semialgebraic
2-cycle of X is the fundamental class of X, which is allowable. Thus h2 : IH2(X) →
H2(Y ) = Z/2 is an isomorphism.
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Now H1(Y ) has dimension 2 with basis {a, b}, where a is represented by the exceptional
divisor of the blowup π : Y → Z, and π∗(b) 6= 0. We claim that h1 : IH1(X)→ H1(Y ) is
an isomorphism onto the span of a, so IH1(X) = Z/2.
First note that h1 is injective. If C an allowable 1-cycle in X, and h(C) bounds a
2-chain D of Y , then C = ∂h−1(D). But h−1(D) is an allowable 2-chain of X.
Next we show that the image of h1 is spanned by a. If C is an allowable 1-cycle of X,
then C ∩ {x0} = ∅. But for every 1-cycle B of Y representing b, we have B ⊃ {y0}. Since
h−1{y0} = {x0}, we conclude that b is not in the image of h1. Let A be a 1-cycle of Y such
that A represents a and A ∩ {y0, y1} = ∅. Again by general position for the nonsingular
variety X \ {x0, x1}, the cycle C = h
−1(A) is homologous to an allowable 1-cycle C ′, and
so h(C ′) is homologous to a. Thus a is in the image of h1.
We have shown that IH0(X) = Z/2, IH1(X) = Z/2, and IH2(X) = Z/2, so the
intersection homology euler characteristic Iχ(X) = 1.
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